Heat-kernel expansion on non compact domains and a 
generalised zeta-function regularisation procedure 



(N 



Guido Cognola *' a , Emilio Elizalde f' 6 ' c and Sergio Zerbini *' a 

"Dipartimento di Fisica, Universita di Trcnto 
and Istituto Nazionale di Fisica Nucleare, 
Gruppo Collegato di Trento, Italia 

b Consejo Superior de Investigaciones Cienti'ficas 
Instituto de Ciencias del Espacio (ICE/CSIC) 
Campus UAB, Facultat de Ciencies, Torre C5-Parell-2a planta, 
08193 Bellaterra (Barcelona), Spain 

c Institut d'Estudis Espacials de Catalunya (IEEC), 
[ Edifici Nexus, Gran Capita 2-4, 08034 Barcelona, Spain 

O 

Abstract: Heat-kernel expansion and zeta function regularisation are discussed for Laplace 
type operators with discrete spectrum in non compact domains. Since a general theory 
is lacking, the heat-kernel expansion is investigated by means of several examples. It is 
pointed out that for a class of exponential (analytic) interactions, generically the non- 
compactness of the domain gives rise to logarithmic terms in the heat-kernel expansion. 
Then, a meromorphic continuation of the associated zeta function is investigated. A simple 
model is considered, for which the analytic continuation of the zeta function is not regular 
at the origin, displaying a pole of higher order. For a physically meaningful evaluation of 
the related functional determinant, a generalised zeta function regularisation procedure is 
q . proposed. 
SO 

PACS numbers: 02.30.Tb, 02.70.Hm, 04.62,+v 

Keywords: Heat-kernel expansion, Zeta function-regularisation, functional determinants, con- 
fix ' fining potentials. 

1 Introduction 

x 

Within the so-called one-loop approximation in quantum field theory, the Euclidean one-loop 
effective action can be expressed in terms of the sum of the classical action and a contribution 
depending on a functional determinant of an elliptic differential operator, the so called fluctuation 
operator. The ultraviolet one-loop divergences which are present need to be regularised by means 
of a suitable technique (for recent reviews, see pQ-[Ej). 
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In general, one works in Euclidean spacetime and deals with a self-adjoint, non-negative, 
second-order differential operator of the form 



L = -A+V, (1.1) 

where A is the Laplace-Beltrami operator and V a potential depending on the classical back- 
ground solution and containing, in general, a mass term. It is well known that the one-loop 
effective action W = W[$], is related to the functional determinant of the field operator L by 



1 , , L 

- m det — jr 



I^ = -lnZ = ,S c +-lndet — , (1.2) 



S c being the classical action and fi 2 a renormalisation parameter, which appears for dimensional 
reasons. 

The one-loop divergences may be dealt with by using a variant of the zeta-function regular- 
isation method [S]-|H]- One namely introduces the regularisation parameter e and considers 

W ^ = s -2l *faTi) Tie " ,1/ " = s -Ye^ L/ ^- (L3 > 

where, as usual, for the elliptic operator L the zeta function is defined by means of the Mellin-like 
transform 

1 r°° 

C(s\L) = —- dtt s - l Tre- tL , ((s\L/ = ^X{s\L) . (1.4) 

r(s) Jo 

Here the heat trace Tre~ tL plays a preeminent role. Recall that, for a second-order elliptic 
non-negative operator L in a compact d— dimensional manifold without boundary, one has the 
small-i asymptotic expansion 

oo 

Tr e~ tL ~ Aj(L) t J--rf / 2 , (1.5) 

3=0 

where Aj(L) are the Seeley-DeWitt coefficients As a result, for a second-order differential 

operator in d— dimensions, the integral ()1.4|) is convergent in the domain Res > |. 

In the compact case, C( s l-^) is regular at the origin and one has the well known result 
£(0|L) = A^j2{J-i)- The latter quantity is computable (see for example the recent reviews |11U12| ) 
and depends on the potential and on geometric invariants. In particular, for odd dimensional 
manifolds without boundaries, C(0|£) = 0. Performing a Taylor expansion of the zeta function 
we obtain 

wto = s-±cw) + &®- ^ + ^» + o (£) . (1 .a, 

Thus, the one-loop divergences as well as finite contributions to the one-loop effective action are 
expressed in terms of the zeta function and its derivative evaluated at the origin. 

In this paper, we would like to discuss a more general situation where logarithmic terms in 
the heat-trace asymptotics are present. First, we recall a well known but crucial fact concerning 
the local heat-kernel expansion associated with a Laplace type operator in R d of the kind 

H = -A +V(x). (1.7) 
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If the potential is real and non-negative, with an additional, rather mild hypothesis, the operator 
H is essentially self-adjoint in Cg°(R d ). We will be interested in confining potentials which, with 
the additional hypothesis of being also smooth functions, give rise to a discrete spectrum. As 
has been shown in Refs. |13| I14j. the local heat-kernel expansion can be partially summed over 
and rewritten under the form 



where the new coefficients b n (x) can easily be computed and depend only on the derivatives of 
the potential V(x). The first few read 



We will make use of such a re-summation for obtaining the heat-kernel trace asymptotics in the 
next section. 

If one is dealing with smooth compact manifolds, the passage to the heat-kernel trace is 
accomplished by integrating term by term over the coordinates, and no logarithmic contribution 
in the heat-trace expansion appears. However, in the case of non-smooth manifolds one may get 
logarithmic terms in the heat-kernel trace, for example when one considers the Laplace operator 
on higher-dimensional cones |15[ll6j. but also in 4-dimensional spacetimes with a 3-dimensional, 
non-compact, hyperbolic spatial section of finite volume ^7], and in the case of general pseudo- 
differential operators ,18]. More recently, the presence of logarithmic terms in self-interacting 
scalar field theory defined on manifolds with non-commutative coordinates has also been pointed 
out ^nj-HB- This goes together with a non-typical behaviour of the corresponding zeta function: 
possibly a simple pole at the origin and higher-order poles at other places. 

Here we would like to investigate the case of Laplace-type self-adjoint operators defined on 
non-compact manifolds. To our knowledge, for the general case of a confining potential and 
discrete spectrum, a systematic theory has yet to be formulated. A pioneering investigation 
along this line can be found in [22]. Other studies involve one dimensional problems on the real 
half- line [23] and the Barnes zeta functions [21]. With regard to the presence of logarithmic 
terms in heat-trace asymptotics, one should note that they have been considered in the abstract 
context of regularised products in many places. 

Recall that, under certain conditions, the regularised product associated with an infinite 
sequence of non-zero complex numbers {A n } has a related Dirichlet series J2n ^n S (the zeta- 
function). In this paper, we are only interested in the case when the \ n are eigenvalues of non- 
negative differential operators and the zeta function converges absolutely for Res sufficiently 
large. When this zeta-function is holomorphic at the origin, the regularised product is defined 
as exp [— C'(0)]. A general theory is presented in [23 EH] and other relevant papers are [2*9"]-[3"T] 
and references quoted therein. It is worth mentioning, that the case of non-compact domains 
but with scattering potentials, namely the ones for which a continuous spectrum exists, is well 
understood and the S— matrix or the phase shift function then enter the game (see, for instance, 
|32j ) . In this context, delta-like potentials have also been considered (see for example |33j - 
|35| . and references therein). If the potential is singular, for instance, proportional to 1/x 2 , the 








3 



presence of logarithmic terms in the local heat-kernel expansion is also possible, their coefficients 
becoming distributions |25| (see also the recent paper (2Ej and references therein). Here, we will 
not deal with situations of this kind. Moreover, for the sake of simplicity, we will limit ourselves 
to the R d flat case. 

The content of the paper is as follows. In Sect. 2, local heat-kernel asymptotics are reviewed 
for the simple case we are going to deal with. In Sect. 3, the heat-trace asymptotics are inves- 
tigated and the possibility for the presence of logarithmic terms is pointed out explicitly. The 
consequences of such unusual terms are discussed in Sect. 4 in some detail. Finally, in Sect. 5, a 
simple model of confinement is proposed and a generalisation of the zeta-function regularisation 
method is constructed to deal with this case. The paper ends with some conclusions and an 
Appendix. 



2 Heat-kernel trace asymptotics in non-compact domains 

In this section we will show that, for suitable classes of potentials in non-compact domains, 
logarithmic terms can actually be present in the heat-trace expansion. Under the usual hypoth- 
esis concerning the potential V(x) — namely V(x) smooth enough, non-negative and going to 
infinity for \x\ — ► oo — the heat trace can be shown to exist and the heat kernel asymptotics is 
given by 



Tr e' tH = ( dx K t (x, x) = - / dx e' tv ^ \l + t 2 b 2 {x) + t 3 b 3 (x) + 

JRd {AlTt) a l Z jRd L 



(2.1) 



In particular we shall focus our attention on the class of spherical potentials, V(x) = V(r) 
r £ [0, oo), and thus 



(47rt) d / 2 Jo 

wherett d = 2ir d / 2 /T(d/2). The latter expression will be our starting point for further discussions. 

As a first family of potentials, let us consider V(r) to be a positive polynomial of degree 
Q. In this case, we will show that logarithmic terms are absent, but the leading term goes as 
0(ir d ' 2 ~ d l cl ), in contrast to the leading behaviour 0(t~ d / 2 ) associated with the compact case. 
To prove this, since we are interested in the short-t leading term, it is sufficient to consider the 
leading term of the potential, namely V(r) = + ■ ■ ■. Thus, the leading term in the heat trace 
reads 

-tH. V d r^^i _ tr g 2^ d T{d/Q) 



- (4vrt) d /2 Jo QY{d/2)t d n+ d /Q ' K ' 

One can check that this result holds true for the case Q = 2, for which the heat trace is well 
known, since it corresponds to the partition function of a harmonic oscillator in d— dimensions. 
In fact one has eigenvalues 2n + 1 for each dimension and then 

^ = g e ^ +1 »y = _^._L + ..., m 

in agreement with Eq. (|2.3j) (note that here m = 1/2 and u = 2). Our results also agree with 
those for the 1-dimensional case investigated in |23| . 
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The situation drastically changes if one considers exponential confining potentials which, for 
large r, go asymptotically as V(r) ~ e rQ . We will show that in these cases logarithmic terms 
are present. In fact, we have 



oo 



Tte-tH „ l"drr d - 1 e- tr 



( A7T y/2 t d/2 J 

( 4?r )d/2 t d/2Q 



dy y- l e- ty {Inyf®- 1 . (2.5) 



For simplicity, let us now assume q to be an integer. In such case we can use (|A.4|) and (|A.6|) 
of the Appendix, thus obtaining the leading term in the form 

It has to be noted that with respect to the compact case, for such class of potentials on non- 
compact manifolds, the leading term in the trace is modified by the presence of the logarithmic 
factor (lnt) d/Q . We also note that, for Q = 1, jgHJ) yields the same result obtained by Nash in 
|22| using a different method. Let us emphasise that those comparisons are essential both for 
consistency reasons and in view of its application to real situations in physics. 

Equations (|2.3|) and Q2.5|) give only the leading term in the trace of the heat kernel, but 
in principle it is possible to go on in the expansion by integrating other terms of the local 
asymptotics. However it should be stressed that more terms in the local expansion can give 
contributions of the same order to the trace asymptotics. This can be easily seen by considering, 
for instance, the 1-dimensional harmonic oscillator described by the Hamiltonian 

d 2 u 2 x 2 1 .„ 

H = -— 2+ — , H = l, ui = — (2.7) 



For this model, one has 
1 

2sinh(wt/2) cot 24 



Tre-tH = 1 = - " ^ + 0(t 3 ) 



u 1~ sinli ut 



^ p — LJX 2 (cosho;t— 1)/2 sinhwt 

tv 



(l + b 2 t 2 + b 3 t 3 + 



UJ 2 , L0 4 X 2 



b 2 = , b 3 = . (2.9) 

12 48 y J 

In order to get the expansion ()2.8|) up to order t, one needs to integrate the local expansion 
up to order t 5 ^ 2 . This means that both 62 and 63 give a contribution of order t in the trace 
asymptotics. To obtain the subsequent term i 3 , one has to consider all b n coefficients up to b§. 



3 Meromorphic extension of the zeta-function 

With respect to the compact case, the meromorphic structure of the zeta function associated 
with the operator H is generically quite complicated and it is strictly related to the form of the 
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potential. In order to show this, we first consider the polynomial case V(r) = and assume 
Q = 2P to be an even number. Under such assumption all b n coefficients are polynomials in r 
and the heat-trace asymptotics are of the form 

Tr e' tH = £ C n t^-W^/® , C = 2 J^] /2) , «o = K «K a 2 < ■ • • (3.1) 

where the C n are numerical coefficients obtained by integrating the local expansion, and the a n 
are rational numbers. Making use of (|1.4j) and splitting the integration over t into (0, 1] and 
[1, oo), we get 

where J(s) is an analytic function. It follows that for such class of potentials the zeta function 
admits only simple poles — as it happens in the compact case — but whose location strictly 
depends on the form of the potential, since the a n are not universal powers. Moreover, we see 
that £(0\H) is not vanishing if and only if a n = d/2 + d/Q for some n and the corresponding 
coefficient C n is different from zero (note that if this coefficient C n = 0, then the corresponding 
term is absent from the sum, for any s). 

The situation becomes more complicated for the class of exponential potentials we have 
considered in the previous section. In fact, in such case one obtains in general an asymptotic 
expansion with terms of the kind t a (lnt)^, a and (3 being rational numbers which depend on the 
potential, and this means that the meromorphic extension of the zeta function will have poles 
or branch points of order j3 at s = —a (see ()A.8|) in the Appendix). 

In order to compute the non-holomorphic structure of the zeta function for this class of 
potentials it is convenient to proceed as follows. We use the general expression (jl,8[) in 1)1. 4|) 
and thus, for Res sufficiently large and V(x) = V(r) > 0, we can write 



{ATr) d ' z T(s) „ h JR d 

dxb n {x)[V{x)]-( s+n - d ' 2 \ (3.3) 



(4vr) d / 2 I» 

Y(s + n-d/2) 



E 



(47r) d / 2 r(s) Jri 



which is well defined for even Q, since in such case all coefficients b n (x) are regular everywhere. 
Since V(r) is exponential like and spherically symmetric, we may assume that 



b n = E C; q r p V q , 0<p<2(n-l)(Q-l), l<q<n, n>2. (3.4) 

pq 

Now, the integration can be performed and we obtain for the non-holomorphic part 



cm) 



T(s-d/2) / drr d - l e-^ s - d ^ T ' 



(4ir) d / 2 T(s 

+ J2 C^ q T{s + n-d/2) drr d+p ~ 1 e~ ( - s+n - q - d/2)rQ 



n>2;pq 



a, 



(47r) rf / 2 Qr(,< 



T(s - d/2)T(d/Q) 
(s - d/2) d /Q 
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v T( s + n -d/2)T((d + p)/Q) 
\km (s + n- q -d/2)(*+P)/Q 



(3.5) 



As a consequence, it follows that generically the zeta function may have poles and branch points 
of any order. It should also be noted that in the case of even dimension it is not holomorphic 
at the origin. 

2 

For example, in the simplest case d = Q = 2, V(r) = e r , by straightforward dimensional 
analysis one can see that only the term proportional to C|i contributes to the singularity at the 
origin and we get (see the next section) 

(( S \H) = ^ + ..., C 2i = ~\- ( 3 - 6 ) 

We conclude this section by studying the asymptotics of the spectral density associated with 
the operator H. We can define the spectral density via the spectral representation of the heat 
trace, namely 

roc roc 

Tre~ tH = e~ tx dN{\)= d\ e - tx p(X). (3.7) 
Jo Jo 

For the polynomial interaction, the Tauberian theorems (see the Appendix) and the short-i 
leading terms of the heat-trace expansion give 

dQ+2d dQ+2d 

N{X)~X~^Q~ , p(A)~A^~ , A^oo, (3.8) 
while for the exponential interaction, with d/Q an integer, 

N(X) ~ A^ (lnA) d / Q , p(A) ~ A^ 1 (In A) 3 , A -» oo . (3.9) 

In particular, when Q = d, one has 

N(X) ~ A (In A) , p(A)~lnA, A -> oo . (3.10) 

In this last case the distribution of the eigenvalues of the operator H resembles the asymptotic 
behaviour which one meets in number theory, namely the asymptotic distribution of the non- 
trivial zeroes of the Riemann zeta function [22] . With regard to this important issue we refer the 
reader to the literature, mentioning the relevance of the method based on Cramer's V-function 
|36j and references therein. Other related papers are |37j-|38j. 



4 A simple model of confinement 

In this section we investigate an explicit model, namely a massive scalar field defined on a 
flat spacetime R x R 3 in an external static field described by a confining potential which is 
asymptotically exponential in two dimensions. In the Euclidean version, we may compactify the 
"time" coordinate and the zeta spatial coordinate, assuming periodic boundary conditions with 
periods (5 and I, respectively. As a result, the relevant operator reads 

L = -^-TT + ^2 + M 2 , H 2 = -A 2 + V(r), V( r )=g 2 e a2r \ (4.1) 
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g and a being dimensional parameters. Making use of Poisson's re-summation formula, the heat 
trace can be written as 

c P -tM 2 

Tie- tL = — Tre- tH2 + ... , (4.2) 

4-Kt 

where S = (51 and the dots stand for exponentially small terms in the parameter t 

In this model, the zeta function can be computed by using the method described in the 
previous section, but one now obtains an expression which is different from (|3.3|) . since the 
potential is defined only on R 2 and one needs to take the factor e _tM2 A into account. As a 
result, we get 

C roc r 

= ^-^^l^nm]-^, (4.3) 
where the b n are related to the b n in (|3.4|) by 

~ bn = £ ^^^^ , n>2, 60 = 1, b l = -M 2 . (4.4) 

j+k=n 

The b n have again the same structure as in Eq. (jSHJ, but now q can vanish, namely 

b n = Y, C™ q r p a q e qbr2 , < p < 2(n - 1) , < g < n , n > , (4.5) 

pq 

(-l) n M 2n 

Co n o = ^ • (46) 

The 6 n coefficients which appear in Eq. 1)4.5)) can be evaluated by making use of 1)1.9111,10)) : the 
first non-trivial ones read 

(1 + ar 2 ) , 



b 2 = 


2gae ar . 

— ( 

3 V 


bs = 


4ga 2 e ar2 




15 


6 4 = 


8ga 3 e ar2 
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2 n 2 2ar 2 

(2 + 4ar 2 + a 2 r 4 ) + LELI , 

O 

2„2 2 2ar 2 

(6 + 18ar 2 + 9a 2 r 4 + a 3 r 6 ) + - ^ (7 + 38ar 2 + 21a 2 r 4 ) , (4.7) 

from which we can read off the C™ 9 coefficients up to n = 4. 

By integrating 1)4.3)) . the non-holomorphic contribution to the zeta function reads 

C(s\L) = S V C" r( S + n-2)r(l+p/2)a-(^- 2 ) 
^ 1 J 16vrr(s) ^ °« b i+ P /2< s + n _ q _ 2 y+P/2 ■ 

Since in our specific example p is even, the zeta function has only poles of oder p/2. In particular, 
in a neighbourhood of s = the pole structure is 



C(s\L) - S 



167ra 



6 C 2 " n _ 2 r(n-2) | 6 c 4 y 2 r(n-2) 



2s as a 2 s 



+ ••• (4.9) 
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Thus, the zeta function C( s l-^) is n °t regular at the origin: a pole of second order appears. 
Within a physical context (restricted most of the time to the realm of pseudo-differential oper- 
ators in compact domains), this is a very unusual behaviour for the zeta function |19|-|21|. In 
these cases, as far as the one-loop effective action is concerned, the otherwise well established 
zeta function regularisation procedure needs to be modified [51 13*9*]. 

Our proposal, which extends in a natural way the one formulated in ^j-jl^' consists in the 
introduction of an additional spectral function which depends on the order of the pole at the 
origin of the initial zeta function. Thus, in the case of a pole of order N, the auxiliary spectral 
function reads 



u>(s) = s»as\L), 
and the definition of the regularised determinant is generalised as 



, , L 
in det — r 

fi 2 



1 d N+1 
'(JV + l)!So<fa^+ 1 



(4.10) 



(4.11) 



with the normalisation chosen in such a way that when C( S \L) is regular at the origin, one does 
recover the ordinary definition of regularised functional determinant. This is an essential condi- 
tion in order to preserve the well established properties defining the zeta function regularisation 
procedure. 

Recalling our example before, we have seen that in this model a second-order pole will 
generically appear. Then, the new spectral function, which is regular at the origin, will be given 
by 

u(s) =s 2 ((s\L). 



We correspondingly define 
L 



In det ■ 



1 , d 3 
— lim -— 7 

3! s^o ds 3 



(4.12) 



(4.13) 



It has to be mentioned here that, within the context of a general theory of regularised products 
(see e.g. [23)) in the case when the related zeta function is not holomorphic at the origin but 
has a first-order pole — and we have stressed this to happen when logarithmic terms are present 



in the heat-trace asymptotics- 
PTTj . It reads 



a new definition of regularised product was proposed recently 



fc=l 



exp 



Res( 



C(s). 



COO 



k=l 



(4.14) 



it is straightforward to conclude that this prescription is 
This is a further consistency check and inscribes our result in a 



Recalling the definition of residue 
equivalent to ours, Eq. (j4.ll 
very general context. 

We conclude with the following remark. The one-loop renormalisation group equations 
associated with the presence of the renormalisation scale \x can be treated along the same 
lines as in Ref. |39| . This shows both the power and flexibility of the zeta- function method to 
easily cope with non-standard and unexpected situations, without ever losing contact with the 
fundamental issue of its applicability to actual physical problems. This means, in particular, 
that the results obtained with the method must be checked to be physically meaningful and to 
reproduce measured experimental values. 
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5 Conclusion 



In this paper we have considered several examples of the determination of heat-kernel traces 
associated with operators of Laplace type defined on non-compact domains. For the sake of 
simplicity, we have restricted our analysis to H d and to analytic but confining potentials, thus 
dealing with discrete spectra only. However, the adequacy of the procedure to treat more general 
settings has been exhibited. In particular, although for the sake of simplicity we have postponed 
the treatment of the case when d/Q is non-integer, with some extra effort this can be dealt with 
along the same lines. New branching points appear there. 

We have shown that for confining potentials of exponential behaviour at infinity, the asymp- 
totics of the heat-kernel trace contain generically logarithmic terms. As a consequence, the 
meromorphic structure of the associated zeta function develops higher-order poles as well as 
branching points. In particular, we have exhibited some cases where the zeta function is not 
regular at the origin. 

In these situations, one is confronted with the non-trivial task of having to define the cor- 
responding regularised functional determinant or the one-loop effective potential. In fact, in 
the example of an apparently reasonable model of confinement, constructed by means of an 
asymptotically exponential potential, we have proven that the meromorphic continuation of the 
zeta function already develops a higher-order pole at the origin. This, as far as we know, is an 
absolutely novel finding in the field, even more since it comes from such an apparently harmless 
model. 

In order to deal with these special cases, we have proposed a generalisation of the zeta 
function regularisation procedure, consisting in the introduction of a new, auxiliary zeta function 
which is still regular at the origin, together with a correspondingly new definition for the zeta- 
regularised determinant (thus extending Ray and Singer's definition). This general prescription 
— which naturally extends particular cases already considered by some of us before |19|-|21|- 
turns out to be equivalent to the one recently proposed by Hirano et al. [301 i n a more generic 
context of a theory of regularised products. In accordance with our fundamental aim never to 
abandon the already established connections with the physical world (e.g., the many uses of zeta 
regularisation in experimental physics), all the new quantities have been defined in such a way 
as to recover the celebrated results of zeta-function regularisation in the absence of poles at the 
origin. 

Still pending is the task to construct an explicit general theory to deal with the whole class 
of Laplacian like operators in non-compact domains, what we leave for further work. 
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A Appendix: Some useful formulae 

Here we list some expressions that have been employed in the text. We start with the incomplete 
gamma function, useful in order to reveal the presence of logarithmic terms in the heat-kernel 
trace expansion. Its definition reads 



F(s,t)= / dyy s - l e-y = T(s) t s £ 



t n 



(A.l) 



n\(s + n) 
and thus 

r(0,t) = -lnt- 7 -t-j + 0(t 3 ), (A.2) 



7 being Euler's constant. Taking the derivative of order n of F(s,t) with respect to s, one gets 

ds n j t 
from which it follows that 

r °° j../i„..w..s-i„-(t/ d n r(s,t) 



: T(s,t) = J dy (lny fy-'e-y , (A.3) 



= W(^-^ + o W , (A,) 

where the fk(s) are computable functions. In particular, 

Us) = (-ir , /„_!(«) = (-ir + V(*) , (a.5) 

^(5) being the digamma function. In the limit s — ► we finally have 

/ (lny)^-^^ = ]T c fc (lnt) fc + 0(t) , (A.6) 

where 

(_-i\n+l 

C ^ = -^TT> c„ = (-ir +1 7 . (A.7) 

With a view to the analytic continuation of zeta functions, the following formulas are useful 
too. If a is a complex number with positive real part, and (3 such that Re /? > — 1, one has 

/'*.--(hiy-iz9*g±i). (a.8) 

jo a^ 1 

To prove this, it is sufficient to perform the change of variable u = — lni and recall the definition 
of the Euler gamma function. 

Furthermore, for the asymptotics of the spectral density for large A, one has 



-L 



oo 
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Taking the derivative with respect to s, 



Inl- 



and 



2.,-s 



ln z tt 



-f 

Jo 

-r 

Jo 



tX \s-l 



e - tA x 



In A F'(s) 



r( a ) t(s) 



in 2 A + 2 r(^ lnA i» r'( s ) 



r( s ) r 2 ( s ) r( s ) r 2 ( s ) 



(A.10) 



(A.ll) 



The above identities are compatible with the Karamata Tauberian theorems, which can be stated 
as follows. Suppose we deal with 



i) If 



roo 

/ e- tx dN{X) = K(t) . 
Jo 



K(t)~At~ r , i-fO, 



then 



N(X) ~ A 



r(r + i) 



A — > oo . 



ii) If 



then 



iV(A) ~ A 



A r ln^ A 
r(r + 1) 



A — > oo . 



(A.12) 

(A.13) 
(A.14) 

(A.15) 

(A.16) 
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